Abstract. We present a q-di¤erence analogue of the higher order di¤erential equations of Painlevé type whose symmetry can be described by the a‰ne Weyl group of type D, so-called the Sasano system. It is derived from the birational realization of Weyl groups as a group of pseudo isomorphisms of certain algebraic varieties. The continuous limit is also investigated.
Introduction
The studies of higher order di¤erential equations of Painlevé type have been rapidly devoloped in recent years. In particular, the classification of the fourth order equations obtained by isomonodromic deformation of Fuchsian equations has been established [13] . We have four kinds of systems of the fourth order; the Garnier system [4] , the systems that admit the a‰ne Weyl group symmetry of type A [3] and D [14, 15] , respectively, and so-called the matrix Painlevé system [13] . It is clarified that each system of equations can be formulated as a Hamiltonian system. Discrete analogues of the Painlevé equations and their higer order generalizations have been also investigated from the various viewpoints. The classification of the second order discrete Painlevé equations has been established [11] . Several authors have proposed higher order discrete Painlevé equations or discrete dynamical systems of Painlevé type from the viewpoints of Weyl group symmetry, a deformation theory of linear q-di¤erence equations, a similarity reduction of infinite integrable hierarchies, and so on [6, 7, 8, 12, 16, 18, 20] . However, even for the fourth order case, several systems that are expected to exist have not been constructed yet, and we are far from the establishment of their classification.
In this paper, we focus our attention on the system of higher order di¤erential equations of Painlevé type whose symmetry can be described by the a‰ne Weyl group of type D [14, 15] , which we call the Sasano system in short. The main result is to present a q-analogue of the Sasano system. For this purpose, we use a birational realization of Weyl groups as a group of pseudo isomorphisms of certain algebraic varieties proposed in [20] . The continuous limit from the q-di¤erence system to the Sasano system is also investigated.
In Section 2, we give a brief review of the Sasano system and a degeneration of it. Each of these systems admits the a‰ne Weyl group symmetry of type D ð1Þ 2Nþ2 and D ð1Þ 2Nþ1 , respectively, as a group of Bäcklund transformations. According to [20] , we formulate a birational representation of the a‰ne Weyl group of type D ð1Þ 2Nþ3 as a group of pseudo isomorphisms of certain varieties in Section 3. This representation can be regarded as a discrete dynamical system by considering the action of an element of infinite order of the Weyl group. We take a translation operator to get a system of q-di¤erence equations in Section 4. Moreover, we show that this system is reduced to the Sasano system of type D ð1Þ 2Nþ2 in a certain continuous limit. In Section 5, we consider a sub-system of the discrete dynamical system to get a q-analogue of the Sasano system of type D ð1Þ 2Nþ1 . The continuous limit of this system is also investigated.
Sasano system
The Sasano system has been constructed by considering a generalization of the phase space of initial values for the Painlevé equations [14, 15] . By construction, it possesses the a‰ne Weyl group symmetry of type D as a group of Bäcklund transformations. It is known that the Sasano system whose symmetry is described by the a‰ne Weyl group of type D ð1Þ 2Nþ2 can be obtained by a similarity reduction of the Drinfel'd-Sokolov hierarchy [2] or an isomonodromic deformation of a Fuchsian equation with four regular singularities [1, 11] . The degeneration or coalescence of the fourth order system, the case where N ¼ 2, has been clarified in [9] .
Sasano system of type D ð1Þ 2Nþ2
Here we give a brief review of the Sasano system whose symmetry is described by the a‰ne Weyl group of type D ð1Þ 2Nþ2 [15] . This is a generalization of the Painlevé VI equation and is formulated by the Hamiltonian system 
The parameters a i , b i , c i and d i are expressed by
where the parameters b i ði ¼ 0; 1; . . . ; 2N þ 2Þ satisfy the normalization condi-
This system admits the symmetry of the a‰ne Weyl group W ðD 
ði ¼ 1; . . . ; N À 1Þ;
respectively. These transformations satisfy the fundamental relations designated by the Dynkin diagram
The Sasano system (2.1) admits another Bäcklund transformations, denoted by p j ð j ¼ 1; 2; 3Þ here, whose actions are given by
. . . ; NÞ;
. . . ; 2NÞ;
; [15] , which is a generalization of the Painlevé V equation. This is formulated by the Hamiltonian system
with the Hamiltonian
where H V ðq; p; a; b; cÞ is the Hamiltonian of the Painlevé V equation
It is also known that this system can be obtained by a degeneration of the Sasano system (2.1). In fact, by putting 
Note that we have
. In terms of these variables, we get the symmetric form of the Sasano system (2.8). The explicit formulas for small N is given in Appendix B. The action of the a‰ne Weyl group W ðD ð1Þ 2Nþ1 Þ is given by The Sasano system (2.8) admits another Bäcklund transformations, denoted by p j ð j ¼ 1; 2; 3Þ here, whose actions are given by
These correspond to the automorphisms of the Dynkin diagram (2.14). The Bäcklund transformations of the Sasano system (2.8) generate the extended a‰ne Weyl group W ðD
A birational realization of the a‰ne Weyl group of type D
In order to construct a q-analogue of the Sasano system, we start with a realization of the Weyl group as a group of birational transformations constructed by Tsuda and Takenawa [20] . They have proposed a realization of the Weyl group associated with a general class of Dynkin diagrams as a group of the birational transformations on certain rational varieties. The corresponding Dynkin diagram is specified by a pair of sequences 
The iteration of an element of infinite order of the Weyl group can be regarded as a discrete time evolution. Then one expects to get a q-analogue of the Sasano system of type D Consider the following subvarieties:
ð3:2Þ
and
The second cohomology group of X is given by
where we denote by H n the divisor class of hyperplanes f f n ¼ const:g and by E i n the class of exceptional divisors À1 ðC i n Þ. The second homology group can be described by 
where a n and a a n are given by
and a a 0 ¼ e
respectively. The Dynkin diagram of the canonical root basis is given by (3.1). The simple reflection s i :¼ s a i associated with a root a i naturally acts on H 2 ðX ; ZÞ and H 2 ðX ; ZÞ by s n ðLÞ ¼ L þ hL; a a n ia n ; L A H 2 ðX ; ZÞ; ð3:9Þ s n ðlÞ ¼ l þ ha n ; li a a n ; l A H 2 ðX ; ZÞ:
These generate the a‰ne Weyl group W ðD
2Nþ3 Þ. In addition, one can introcuce involutions i j ð j ¼ 1; 2; 3Þ by
; e i n 7 ! e i 2Nþ1Àn ;
These realize the automorphisms of the Dynkin diagram (3.1). In fact, the action on the root vectors is given by
where C ¼ ðC ij Þ 2Nþ3 i; j¼0 is the generalized Cartan matrix of type D
2Nþ3 . Using the variables a i , we fix the parameterization of subvarieties C i n by
Proposition 3.1. Let us define the birational transformations s i by
a n f n þ 1 f n þ a n ;
f n þ a n a n f n þ 1 ; ðn ¼ 2; . . . ; 2N À 1Þ;
and i j by 
A system of q-di¤erence equations and its continious limit
In this section we consider the action of a translation T A W ¼ W ðD ð1Þ 2Nþ3 Þ z W of the discrete dynamical system obtained in the previous section to derive a system of q-di¤erence equations. By construction, the symmetry of the system of q-di¤erence equations can be described by a group isomorphic to the extended a‰ne Weyl group W ðD ð1Þ 2Nþ2 Þ z W. We also show that the q-di¤erence system is reduced to the Sasano system of type D ð1Þ 2Nþ2 in a certain continious limit. This suggests that one can obtain the system of q-di¤erence equations whose symmetry is described by the a‰ne Weyl group W ðD ð1Þ 2Nþ2 Þ when we write down the action of T on the variables f i . One can also expect that this system is reduced to the Sasano system (2.1) by an appropriate continious limit, which we show in the next subsection. Note that we have the relations
Time evolution and symmetry
We denote below x ¼ TðxÞ, x ¼ T À1 ðxÞ for simplicity.
Proposition 4.1. The action of the translation T on the variables f i is given by 
When N ¼ 1, the representation in Proposition 3.1 coincides with that of [19] . So, the action of the translation T on the variables f i yields the qPainlevé VI equation [5] .
Continious limit
In the previous subsection we construct a system of q-di¤erence equations that admits W ðD ð1Þ 2Nþ2 Þ symmetry. One can expect that this system is reduced to the Sasano system of type D ð1Þ 2Nþ2 in a certain continious limit. It is natural to fix the parameterization of the parameters and independent variable by
with a small parameter e and by
respectively. Since the variable u is invariant under the action of W ðD ð1Þ 2Nþ2 Þ given by (4.1) and the action of the translation operator T on u is given by u :¼ TðuÞ ¼ q 2 u, one can regard the variable u as the independent variable of the system of q-di¤erence equations.
The parameterization of the dependent variables depends on parity of N. When N ¼ 2m ðm ¼ 1; 2; . . .Þ, we set
for i ¼ 0; . . . ; m À 1, where
. . . ; m À 1Þ; ð4:8Þ
. . . ; m À 1Þ;
Then one can expect that the system of q-di¤erence equations given in Proposition 4.1 is reduce to the Sasano system of type D
2Nþ2 in the limit of e ! 0. Note that we have
for a function f of u, and
We have verified the case where m ¼ 1; 2 by a direct calculation. We also find that the Bäcklund transformations of the Sasano system (2.1) can be recovered by the replacements
. . . ; NÞ; ð4:10Þ
. . . ; mÞ; ð4:12Þ
. . . ; mÞ;
We have verified that the system of q-di¤erence equations is reduce to the Sasano system of type D ð1Þ 2Nþ2 in the limit of e ! 0 when m ¼ 0; 1; 2 by a direct calculation. We also find that the Bäcklund transformations of the Sasano system (2.1) can be recovered by the replacements (4.10).
A sub-dynamical system
In this section we consider a sub-system of the discrete dynamical system discussed in Section 3. It is shown that the iteration of an element of infinite order of the Weyl group gives a system of q-di¤erence equations, which can be regarded as a q-analogue of the Sasano system of type D ð1Þ 2Nþ1 . We remark in advance that the results in this section recovers that in [17] when N ¼ 1.
Restriction of the symmetry
Let d 0 and d 1 be the elements of the root lattice Q ¼ QðD
We see that where g i andb b i are given by
respectively. Note that we have The corresponding Dynkin diagrams are given by g 0
The action of W ¼ hi 1 ; i 2 ; i 3 i is described by
Also we see that the action of the element $ :¼ i 1 i 2 s 0 s 2Nþ3 s 2Nþ1 s 2Nþ2 is given by $ : g 0 $ g 1 . These elements correspond to the automorphisms of the Dynkin diagrams (5.6).
Let us consider the element T ¼ $r 1 A hr 0 ; r 1 ; $i FW W ðA ð1Þ 1 Þ. We find that T acts on the lattice QðA 2Nþ1 Þ is invariant under the action of T. This means that we get a system of q-di¤erence equations whose symmetry is described by W ðD ð1Þ 2Nþ1 Þ z W when we regard the action of T on the variables f i as a timeevolution. We denote below the action of T by x ¼ TðxÞ for simplicity.
A system of q-di¤erence equations and continious limit
Let us introduce the parameters b i ði ¼ 0; . . . ; 2N þ 1Þ by 
We also introduce the variables g i ði ¼ 0; . . . ; 2N þ 1Þ by
The quantities a 0 a 2Nþ3 and a 2Nþ1 a 2Nþ2 are invariant under the action of W ðD ð1Þ 2Nþ1 Þ, and satisfy a 0 a 2Nþ3 ¼ qa 2Nþ1 a 2Nþ2 and a 2Nþ1 a 2Nþ2 ¼ qa 0 a 2Nþ3 . Then these two play a role of the independent variable. Let us introduce c by c ¼ a 0 a 2Nþ3 ¼ a 2Nþ1 a 2Nþ2 so that c ¼ qc. Then we have the normalization
In terms of the above variables, the action of the extended a‰ne Weyl group W ðD ð1Þ 2Nþ1 Þ z W can be described by
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A. Symmetric Hamiltonian of the Sasano system
The Sasano system of type D ð1Þ 2Nþ2 can be described more symmetric way by dealing with the four regular singuralities equivalently [15] . Let us introduce the independent variables t 0 , t 1 , t 2Nþ1 , t 2Nþ2 . The original form is obtained under the normalizationt t :¼ ðt 0 ; t 1 ; t 2Nþ1 ; t 2Nþ2 Þ ¼ ðt; y; 1; 0Þ.
We 
When N ¼ 2m þ 1, we have
